V1. Projedt for-a new Divifion of the Quadrant, By Charles:
Hutton, LL.D. F.R. S, Ir a Letter to the Rev. Dr..
Mafkelyne, F. R, S. and Afironomer Royal.

Read November 24, 1783,

, . . Royal Mil, Acad. Woolwich;.
DEAR SIR, Aug. 12, 1782, :

AVING. long fince theught it would be a meritorious

“and . ufeful fervice, to adapt the tables of fines, tangents,
and fecants,. to equal parts of the radius. inftead of to thofe of
the quadrant; and having frequently mentioned this projeét to
you, sIR, as a proper judge and promoter of all ufeful ime
provements in {cience; I now beg leave to lay before you fome
obfervations I have thrown together on the fubje&, with a view
to ftimulate others, either to undertake and calculate fome part
of fo large and painful a work, or to communicate farther hints:
for the improvement and eafier performance of it.

I have the honour to be, &c:

A projest
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A project for confiruéting fines, tangents, fecants, &c. to equal
parts of the radius.

1. The arbitrary divifion of the quadrant of the circle into
cequal parts by 6oths, which has been delivered down to us from
the ancients, and gradually extended by fimilar {ub-divifions
by the moderns, amongvarious ufes, ferves for trigonometrical
and other mathematical operations, by adapting to thofe divi-
fions of the arc, certain lines exprefled in equal parts of the
radius, as chords, fines, tangents, &c. Butamong all theim-
provementsin this ufeful branch of {cience, I have longwifhed
to fee a fet of tables of fines, tangents, fecants, &c. con-
firuéed to the arcs of the quadrant as divided into the like
equal parts of the radius as thofe lines themfelves. In this
natural way, the arcs would not be exprefled by divifions of
6oths, in degrees, minutes, &c., but by the common decimal
{cale of numbers; and the real lengths of the arcs, cxprefled in
fuch common numbers, would then ftand oppofite their refpe@ive
fines, tangents, &c. The ufes of fuch an alteration would
be many and great, and are too obvious and important to need
pointing out or enforcing. I have therefore had for a long
time a great defire to commence this arduous tafk ; but conti-
nual interruptions have hitherto prevented me from making any
confiderable progrefs in fo defirable an undertaking. But I am
not without hopes that fome future occafion may prove more
propitious to my ardent withes. It is not, however, to be ex=
pe&ed, that this work can be accomplithed by the labours of
.one perfon only ; it will require rather the united endeavours
of many. I fhall therefore explain a few particulars relative to
my projeét of this work, with a view to obtain from others,

who



new Divifion of the Quadrant. 23
who may have leifure and abilities for it, their kind afliftance,
either by communicating hints of improvements, or by under-
taking fome part of the computations, to which they may be
excited by their zeal for the accomplifhment of fo important a
work, and by the extreme facilityﬁwith which the calculations
in this way are made.

. In the firft place then I would obferve, that I think it
W1ll be fufficient to print the fines, tangents, &c. to feven
places of figures; and that therefore it will be neceflary to
compute them to ten places, in order effectually to fecure the
truth of the feventh place to the neareft unit.
" 3. I'would affume the radius equal to 100000, or fuppofe 1t
to be divided mto- 10oooo equal parts.  Then it is well
known, . that the femi-circumference will be 31415926536
nearly, and’ confequently the quadrant nearly 157079°63268
of the fame equal parts, which is lefs than 157080 by *36732,
or nearly = of an unit, or nearer %= ‘375, Or nearer . ="
*3636, or ftill nearer T7-.9_:-3684, or ftill nearer 1i=:36666
&c. And the half quadrant, or } of the circle, 78539-81634
which is lefs than'78540 by only 18366, or nearly § only of
any of the above-mentioned fractions.

4. The table may confift of five or' more columns; the firft
column to contain the regular arithmetical feries of arcs differ-
ing by unity, from the beginning,.-in this manner, 1, 2, 3, 4, 5,
&c. up to half the quadrant, the next lefs whole number
being 78539 ; then for the higher numbers, or thofe in the
latter half quadrant, befides adding 1 continually, there muft
be at the firft added the decimal *63268; which will make all
the numbers in this half become the exat complements of the
firft half, which confifts of whole numbers only; and thefe
will be the lengths of the arcs, Or, in order to include the

2 quadrantal



24 Dr. HurroN’s Projeét for a

quadrantal arc 98539-81634, the firft column may be conti-
nued up to 78540. The fecond column to contain the cor-
refponding degrees, minutes and feconds to the neareft fecond,
or to the true feconds and decimals of a fecond, for the conve-~
nience of eafily changing the tables from the one meafure to
the other, or to make them anfwer to both methods; and the
3d, 4th, sth, &c. columns to contain the correfponding fines,
tangents, fecants, &c.

5. The tables may be difpofed as at prefent, namely, conti-
nuing them downwards by the left-hand fide of the pages, as
far as to the middle of the quadrant, and then returning them
again backwards and upwards by the right-hand fide of the
pages.

6. In this difpofition, the numbers-on the fame line, the one
on the left and the other on the right, will be exa& comple-
ments.of each other to a quadrant, and the decimal *63268, in
every number in the latter half quadrant, ineach page, namely,
either at the bottom of the column, or length-ways on the
fides of it. 1
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7. A fpecimen of the firft page of the table will therefore
be this:

o .
Arcs |, , “{ Sines. Tang. | Secants. ||Cofec.|Cotan.] Cofin. |, , , | Atcs
0 [0 0 0[000CO*00 [00000 00 |100000 0o || infin, | infin. {100c00%00{g0 © ©f 79
1 2 1°00 28
2 4 2°00 77
3 6 300 76
4 8 400 f 75
&c, &c,
8o
S
R ]
[en
o ~
&c. | &c, \5)
96 83 0
97 82 +
98 81 -
99 | 8o
Arcs|® ’ | Cofin. Cotan. Cofec. |[[Secants. Téng, Sines. | ° ’ Arcs

8. To fill up the fecond column. Since the length of the
quadrant is 157079'63267948966, and the number of feconds
in the quadrant is 9o x 6o x 60 = 3240003 therefore, as
157079632 &c. 1 324000 :: 1 :2062648062470964 = the
number of feconds anfwering to each unit in our divifion of the
quadrant, and which therefore being continually added will
fill up the fecond column.

9. The number of feconds to be continually added being 2,
and the decimal *062648062470964, which is nearly equal
to [, for ;% is ‘0625 ; therefore, befides adding 2 every time,

Vou. LXXIV. E we



26 Dr., Hurron’s Project for a
we muft alfo add 1"/ more - at every 16, which will make 3"
be added at every 16th time, and 2’/ at every other time befides 3
but the firft time the 3” muft be added will be at the arc or
number 8, to have them to the neareft fecond, the repetition
of the fra&tion at the arc 8 amounting to above 1 a fecond;
and then the 3”7 muft be added at every 16 afterwards, viz. at
24, 40, 56, 72, 88, 104, &c. ~

10. But befides the conftant addition of 2"/ every time, and
of 1/ more every 16th time, there muft be 1"/ more added for
every 6753% time, on account of the excefs of the frattion
'062648062470964 over the fration ‘0625 or % : for that

excefs 1s ooox48062470964 which 1 1s--(-;-7—53 And the eafieft

method of making this laft addition of 1 at every 6753%, will
be to make the increafe of the 1 on account of the .'; at an
unit fooner for every 42235 becaufe 16 is 422.3, times con-
tained in 6753% ;5 by which means the incremental units for
the % will become 1 more at that number 6753%, which laft
unit inay be confidered as the increment of the former incre-
ment for the %, and {o proceed up to the quadrant; which
will complete the fecond column of arcs to the neareft {fecond
in each number. Or this fecond column may be exattly com-
puted to as many decimals as we pleafe, by adding continually
the 2’7 and decimals, viz. 2°062648062470964. But at the
middle of the quadrant, where the numbers return again up-
wards by the right-hand, there will for once be to be added
only the feconds and decimals anfwering to the arc 63268,
iz, 130499618 feconds, that number being neceflary to make
the numbers on the right-hand to be the exalt complements
of thofe on the left. Or it will, perhaps, be proper to make

them to the neareft unit in the 6th place of decimals. And to
4 all



new Divifion of the Quadrant. %
fill up the fecond column to this degree of accuracy, add con-
tinually 2062648 feconds, but at the gth line add r more, or
2°062649, becaufe g times 062470964 amounts to 56223867,
or more than half a unit at that place ; and after thatadd 1 more
than 2°062648 at every 16th line, vz at 25, 41, 57, 73, &c.
becaufe 16 times 062470964 amounts to 99953542, or nearly
I, it being only 00046458 lefs than 1. And this number
00046458, thus added too much, will, in 134 times adding
it, amount to more than 06223864, the excefs of 56223867
above g, or half a unit, at that place ; therefore at the line or
number 2153 (or 9+ 16 x 134) which would be to have the
1 more added, let the 1 be there omitted, and add it at the
next line or 2154, the true decimals after the firftfix, for2153
being 499985, and for 21 54 they are 562456. Continue thus
always adding 1 more at every 16th line, except at the fol-
lowing numbers, where the 1 muft be omitted, and added at
the next following number ; viz.

19377]27989

2153|10765 53825

36601]45213 62437|71033|
4314112926/21533/30150|38746|47358/55970[64582|73194

6459|15071123683132295140907149519158131(6674375339

8620|17232|25844|34456|43052|51664|60276,68888|7 7500
And thus proceed to the middle of the quadrant; by which
means all the numbers will be to the neareft unit in the fixth
or laft place. Alfo, to have a check upon thefe numbers at
certain intervals, it may be proper to proceed in this manner :
Firft find every 1ooth number, by adding its decimal +264806
&c. verifying them at every roth; then find every 16th num-
ber, by adding continually ‘002369 &c. which will alfo be
checked and verified at every 2 §th addition by one of the for-
mer fet of 100, for 25 times 16 make 400, ufing a proper pre-

E 2 caution




28 Dr. HutroN's Projelt for a
caution to preferve each number true to the neareft unit in the
6th or laft decimal.

~As to the decimals of the numbers in the latter half of the
quadrant, they wiii be the complements, to 1, of the corre-
fponding numbers in the firft half; and therefore they may be
all eafily found by taking each figure from ¢, and the laft from
10. But it will be fafeft to find only every 1oth decimal in this
way, and to fill up the intermediate nine by adding, as before,
the conftant decimal 062648 by which means. they will be
checked and verified at every 1oth number.

11. To fill up the third column, or that of fines, as well as
thofe of tangents and fecants, it may firft be obferved, that
the old tables of thofe lines to every minute, or even to every ten
~ feconds of the quadrant, cannot be of fo much ufe as it might
feem at firft fight; as the very near coincidence of the num-
bers in the new and old divifions appear very feldom to happen.
I find, indeed, that our arc 1309 anfwers nearly to 4§ minutes,
that arc exceeding 45’ by only ‘00632363 or .1 part of a fe-
cond nearly, and fo in proportion for their equi-multiples. But
although this degree of coincidence may be fufficient for check-
ing the correfponding values of the arcs in the firft and fecond
coluimns, we are not thereby authorifed to confider the fine,
tangent, or fecant of 1309 asaccurately equal to that of 45" in
all the feven places of figures, but differing from it by nearly the
.+ part of the difference correfponding to 17, which is about
% of an unit in the fines and tangents, though next to nothing
in the fecants. This, therefore,. although it makes no fenfible
difference in this particular cafe, will caufe a difference that
muft not be negleéted-in the equi-multiples of 1309 and 457,

the fines and tangents of which will differ by half a unit or
more,

)

2



new Divifion of the Quadrant. 29
more, and therefore will not be exprefled by the fame number,,
but will have fome {mall difference in the feventh or laft figure.
And the {fame will happen in almoft all the other arcs; fo that
generally the fines, &c. which are exat for the arcs in the
firft column, will not be quite fo for thofe in thefecond, when.
exprefled in whole feconds only, fince thefe will fometimes
differ by the part correfponding to almoft half a fecond. How-
ever, in this, or any other cafe, where the difference is exaétly
known, we may profitably make ufe of the. numbers in the
old tables for conftru&ing or verifying thofe of the new, by
taking in the proportional part of the difference. Let, there-
fore, all the fines, &c. of every 1309 be computed from the
_old tables, and entered in the new, by adding to the fine; &c.
of the correfponding multiple of 45" the like multiple of the
+%4 part of the proportional difference for 1”7, This will give
about 120 fines, &c. to ferve as a verification of the computa-
tions by the more general methods. But if the fecond colummn
be exaltly conftruéted with all -its decimal places by the conti-
nual addition of 2 06264807, the old tables may be converted
into the new, by allowing for the odd feconds and decimals..
And for this purpofe it will, perhaps, be beft to ufe the large
table of RueTicus, which contains the fings, tangents, and:
{econds, to ten places of figures for every 10”, and alfo the
differences. At leaft, fuch fines, &c.. may be found in this way-
as, have their feconds and decimals well adapted for the pur-:
pofe ; and for fuch as would be found too troublefome in this:
way, recourfe may be had to fome of the followmg methods..

12. Let us now examine the expreflions for the fines, &ec.

by infinite feries.
The
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"I'he radius being 1, and arc o, it is well known that the

R, — 13 I 5 1 74 1 9__ 1 1 .
fine1s =@ — @ +135%°~ 55354 3575507 ~199Te5008  &KC.

B

-— X N b 8 4 10
cofine =I — 32+ 530" 535 @+ 553758 — 5rgrec @ &C.

— X3 2,5 17 7 62 9 1382 11
tang. =@ + 3@F 55 @ 5y At s F+ g5z 40 &

—y=T__ Yy Y a3 2 5 X 7 2 9

e I 3 61 6 279 38 50521 10
fecant =X +3a4°+ L at+ %5 o'+ HLL o'+ 30554 &e,

cofec. =a-x+%ﬂ et as+6ol4zg7ooa7+ 34.2713440“9 &ec.

360" 15120

- Or the fame feries are thus otherwife exprefled :

b c d ¢
fine =g-2L o+ G-ty 9. g,
1 4 2.3 +4.5 4 6.7a +8.9a TIETH &c

I b d ¢ ~
cofine =1-= - &4 ——at—_L_ 504 2 agu——-—aa” &c.

—

: 202d 44
tangent:—-a+-l—’_a3+;§_’?5_as+iz_‘_a7 _251_‘29_‘_ 31 an&&c.

: 6.7 8.9 10 . 11
: - X b 2 d o)
cotang. =4 - — g~ @ - g L R &
3, 15 21 10 99

T 2,50 4 61c 6, 1385d o s0521e i
2 P PR s Pt &

cofec. =a=1+ 3} a+ --67-0a’+%fq‘+ -gi—c’;’a% i
where b, ¢, d, ¢, &c. denote the preceding co-efficients. And
hence, with the help of the table of the firft ten powers of
the firft 100 numbers, in p. 101. of my tables of powers pub-
lithed by order of the Board of Longitude, may be eafily
found the fines, &c. of all arcs up to 100, by only dividing thofe
powers by their refpective co-efficients, as alfo of all multiples
of thefe arcs by 10, 100, &c. by only varying the decimal
points in the feveral terms, as the figures will be all the fame :
and

fecant =1 +
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and thus a number of primary fines, &c. may be found, to

check or verify the fame when computed by other methods. By
this method will be found the fines, &c. of the arcs

1, 10, 100, 1000, 10000, 100000 ;
2, 20, 200, 2000, 20000 ;

3, 30, 300, 3000, 30000 ;

45 40, 400, 4000, 40000 3

&ec. till

99, 990, 9900, 99000, QOO0

13. Again, it is evident, that, of the terms in the feries for
the fine, the firlt term 2 alone will give the fine true to the
neareft unit in the ninth place in the firft 144 fines, or the arc
and fine will be the fame for nine places as far as the arc 144 ;
but they will agree to the neareft unit in the feventh place as
far as the arc 669 ; after which the fecond term of the {eries
muft be included.

14. When the fecond term is taken in, thefe two terms
a -1 a° will give the fines true to the neareft unit in the ninth
place till the arc becomes 3500. Now the numbers in my
table of cubes (juft publifhed by order of the Board of Longi-
tude) extend to 10000, and therefore all the above cubes are
found in it ; confequently taking the fixth part of thofe cubes,
and fubtra&ing it from the correfponding arcs, the remainders
will be the fines of thofe arcs, as far as till the arc be 3500 :
after which the third term of the feries may be taken in, or
other methods may be ufed. ' |

15. But fince, for any arc 4, this is a general theorem, wviz.
as radius : 2 cof. @ :: fin. na : fin. 7 — 1 % a4+fin. 7+ 1 x a; tak-
ing a =1, radius 10000, the fine of @ will be 1 — 0000000000

and the cofine of @ will be 100000 —'000005, and the
above
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dbove proportion will become 100000 : 200000 ~ 00001, Of
: 2 = 0000000001 :: fin.z: fin. 7z — 1 4 fin. #n4+1; confe-
quently fin, n—1 % fin.z+4+1 is = 2 fin. #. — 0000000001
fin. #, and the fines are in arithmetical progreflion except
only for the {mall difference of *ooooooooo1fin., hence
fin.z+ 1148 = 2 — 0000000001 x {inz—fin.z — 1 3 and there-
fore taking # fucceffively equal to 1, 2, 3, 4, &c. the feries
af fines will be as follows :
fins 1 =1 —'00000000001 ;
fin. 2 =2 —*0000000001 X fin. 1 3
{in. 3 =2 —'0000000001 x fin. 2 —fin, 1;
{in, 4 = 2 = *0000000001 x fin. 3 ~fin. 23
fin. § = 2 ~ *0000000001 x fin. 4 - fin. 3;
&c.
And by this theorem, viz. fin. 5+ 1 =2 — ‘0000000001 X fin,
n—fin. n—1, may be eafily filled up the intervals between
thofe primary numbers mentioned in former articles.
16. In like manner, as radius : 2 cofLe ::cof. nz:cof, n—1 .4
4+ cof.z + 1.a; and hence this theorem, cof. 7z 1 =
2 0000000021 x cof. #— cof. 7— 1, by which the cofines
will be all eafily filled up. And thefe two theorems for the
fines and cofines are fo eafy and accurate, that we need not
have recourfe to any other, but only to check and verify thefe at
certain intervals, as at every 10oth number, by a proportion from
RueTIcus’s canon, as mentioned at art. 11. or by any other way..
17. The fines and cofines being compleated, the difference
between the radius and cofine will be the verfed fine; the dif-
ference between radius and fine will be the co-verfed fine; and
the fum of the radius and cofine will be the fup.verfed fine.

18. From
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18. From the fines and cofines alfo, the tangents, cotan-
gents, fecants, and cofecants, may be made by thefe known
proportions, viz. as
1. cofine : radius :: fine : tangent,
2. fine : radius :: cofine : cotangent,
3. cofine : radius :: radius : {ecant,
4. fine : radius :: radius : cofecant,
5
6

. radius : fine :: fecant : tangent,
. radius : cofine :: cofecant : cotangent,

7. tangent : radius :: radius : cotangent.
Wherefore, the reciprocal of the cofine will be the fecant; . the
reciprocal of the fine, the cofecant ; the quotient of the fine by
the cofine, the tangent; and the quotient of the cofine by the
fine, the \cotangent; or the produ of the fine and fecant will
be the tangent, and the produ& of the cofine and cofecant,

“the cotangent ; or, laftly, the reciprocal of the tangent is the
cotangent ; proper regard being had to the number of decimals,
on account of our radius being 100000 inftead of 1 only.

And thefe are to be ufed when the application happens to
be eafier than the general feries, and eafier than by propor-
tion from RHETICUS’S canon. &

But there are other particular theorems, which, by a little
addrefs, may be rendered more expeditious than any of the
former : thus,

19, In any two arcs this is a general proportion,

As the difference of their fines : |

to the fum of their fines ::

{o tangent of half the difference of the arcs:

to tangent of half their {fum.
So that by taking continually the arcs, having the common
difference 2, the third term of this proportion will be 1, and
the fourth term will be found by dividing the fum of the fines

Vou. LXXIV. F by
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by their difference, which divifor or difference will never con-
fift of more than four or five figures, viz. about half the nums
ber of figures that are in the divifors mentioned in the pre-
ceding article.

20. Again, As the difference of the cofines :

to the fum of the cofines :

fo tangent of half their dlﬂ'"ere'ncc :

to tangent of half their fum.
And thus the cotangents will be found by dividing the fum of
the cofines of two arcs, differing by 2, by their fmall difference.

21. Alfo the fecant of an arcis equal to ‘the fum of its tan-
gent and the tangent of half its complement ; and the cofe~
cant of an arc is equal to the fum of 1its cotangent and the tan-
gent of half the arc; or half the fum of the tangent and
cotangent is equal to the cofecant of the double arc. From
whence the fecants and cofecants will be eafily made.

22. Thus I have pointed out methods by which the whole
tables may be readily conftructed. Should any other ufeful
methods or improvements occur to any perfon, the communi-
cation of them to me will be thankfully received. I am now
engaged in making fome of the computations ; andit is hoped,
that the facility of them, with the defireablenefs of the tables,
will induce fome ingenious lovers of the mathematics to lend
their aid in performing fome part of the work. Should any
fuch be fo inclined, before he begins, I muft requeft he will be
pleafed to fignify his intention to me, that I may point out to
him fuch parts of the work as have not before been performed
or undertaken, to prevent the chance of lofing his labour by
re-computing any parts that may have been already executed

by myfelf or others.

‘Royal Military Academy,

‘Woolwich, Aug. 12, 1782,
g

Cuarres Hurron.



